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We consider  the pa ramet r i c  excitation of long-wave magnetohydrodynamic oscil lat ions of 
the m = 1 type in a cyl indrical  plasma conductor with an al ternating,  longitudinal, high-fre-  
quency current .  The plasma cylinder  is placed in a constant longitudinal magnetic field and 
is enclosed in a conducting case.  The problem is solved on the basis  of the flexible fi lament 
model under the assumption of ideal conductivity of the plasma and the case.  Hi l l ' s  method 
is used to study the stabili ty of the equation with periodic coefficients that descr ibe the os-  
cillations of the filament. Results of computer  calculations of the stabili ty increments  of 
oscillations in the f i r s t  four resonance zones for various values of the pa ramete r s  of the 
s y s t e m  are  given. 

As was shown in [1], when a high-frequency al ternat ing cur ren t  is used for the dynamic stabilization 
of a plasma cylinder  in a longitudinal magnetic field, pa ramet r i c  excitation of magnetohydrodynamic proper  
oscil lations of the cylinder,  that are  charac te r i zed  by the azimuthal  wave number m = 1, can occur .  In [2] 
the boundaries of the f i r s t  two zones of pa ramet r i c  excitation of the m = 1 mode were determined,  and an 
analytic express ion for the maximum increment  of the buildup of short-wave oscil lat ions was obtained 
(ka >> 1, where k is the wave number of the perturbation and a is the radius of the cylinder).  It is of in te res t  
to make a more  detailed investigation of the instability in question in the range of long-wave perturbations 
(ka ~ 1), which must  be excited under experimental  conditions (see, for example, [3, 4]). This problem is 
solved in the present  paper.  Here we give a numerica l  calculation of the instability increments  of long- 
wave oscillations of the m = 1 type, excited in a cylindrical  plasma conductor by a high-frequency longitudi- 
nal current .  In cont ras t  to [1, 2], the effect  of the conducting case,  surrounding the plasma cylinder,  is 
taken into account.  The problem is solved on the basis  of the flexible f i lament model under the assumption 
of ideal conductivity of the plasma and the case .  Hil l ' s  method [5] is used to investigate the stability of the 
equation with periodic coefficients that descr ibes  the oscil lat ions of the filament. Various possible reg imes  
of the operat ion of the sys tem are  considered.  

1 .  F o r m u l a t i o n  o f  t h e  P r o b l e m  

Suppose that a high-frequency longitudinal cur ren t  I = I 0 cos cot flows along the surface of a cyl indrical  
plasma conductor.  The conductor is placed in a constant longitudinal magnetic field, equal to B e outside 
and to B i inside the plasma,  and is enclosed in a conducting case of radius b. The plasma p ressu re  p 
counterbalances the t ime-averaged p ressu re  of the magnetic field 

8rip = B~ ~ - -  Bi 2 + <B~ 2 > (1.1) 

Here B a = Ba0 cos wt = 2I /ca  is the azimuthal  field of the cur ren t  I on the surface of the fi lament and 
the angular  brackets  denote a time average .  
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I t  is  c o n v e n i e n t  to r e d u c e  the  i n v e s t i g a t i o n  of the s t a b i l i t y  
of the s y s t e m  u n d e r  c o n s i d e r a t i o n  with r e s p e c t  to m a g n e t o h y d r o -  
d y n a m i c  p e r t u r b a t i o n s  of the m = 1 type ,  fo r  which the s u r f a c e  of 
the c o n d u c t o r  i s  d e s c r i b e d  by  the equa t ion  

r = a + .~ (t) exp ( i k z  ~ iO) ( ~  ~ a), (1.2) 

to the f l ex ib l e  f i l a m e n t  m o d e l .  The f o r c e  F p e r  uni t  length ,  p e r -  
p e n d i c u l a r  to the z a x i s ,  a c t i n g  on the p e r t u r b e d  c o n d u c t o r ,  is  
c a l c u l a t e d  in the m a g n e t o s t a t i c  a p p r o x i m a t i o n ,  and  then  we con-  
s i d e r  the equa t ion  fo r  the t r a n s v e r s e  mo t ion  of  a l eng th  e l e m e n t  
of the c o n d u c t o r  wi th  m a s s  M p e r  uni t  length  

M d 2 ~ l / d t  2 = F (1.3) 
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Fig .  2 

in  which  the t ime  d e p e n d e n c e  of the m a g n e t i c  f i e l d ,  e n t e r i n g  into  
F,  is  a l r e a d y  e x p l i c i t l y  t a k e n  into a c c o u n t .  A c o m p a r i s o n  with 
r e s u l t s  of a r i g o r o u s  m a g n e t o h y d r o d y n a m i c  a n a l y s i s  (val id fo r  
the c a s e  of s t a t i c  f i e lds )  shows  tha t  t h i s  m o d e l  d e s c r i b e s  the s y s -  
t e m  unde r  c o n s i d e r a t i o n  s u f f i c i e n t l y  w e l l  if the p l a s m a  is  c o n s i d -  
e r e d  to be  i n c o m p r e s s i b l e  and the p e r t u r b a t i o n s  a r e  long-wave o n e s .  

In the c a s e  u n d e r  c o n s i d e r a t i o n  the f o r c e  F can  be  found 
f r o m  f o r m u l a s  of  [6] and  has  the  f o r m  

F = - -  ~/~ [ a / ( k a B ~  ++_ Ba) 2 -~- ai (l~a) ~ B~ ~ - -  B ~ I  ~, 

H e r e  

(1.4) 

a + ai5 K~ (ka) 
r176 - -  1 - -  5 ' ae - -  kaKl '  (ka) 

I ,  (ka) KI'  (ka) [1' (kb) 
a~ - -  ka l l '  (ka) ' ~ = I1' (ka) Ki" (kb) 

Kl(x) ,  Ii(x} a r e  m o d i f i e d  B e s s e l  f unc t ions ,  and  a da sh  de no t e s  d i f -  
f e r e n t i a t i o n  with r e s p e c t  to the a r g u m e n t .  When the c a s e  is  a b -  
s en t ,  6 = 0 and (1.4) r e d u c e s  to the c o r r e s p o n d i n g  e x p r e s s i o n i n [ 2 ] .  

B e c a u s e  of  the s i n u s o i d a l  t i m e  d e p e n d e n c e  of  the c u r r e n t  I 
a s s u m e d  above ,  Eq.  (1.3) i s  an equa t ion  with p e r i o d i c  c o e f f i c i e n t s .  
Upon the s u b s t i t u t i o n  cot = 2~ i t  r e d u c e s  to the s t a n d a r d  f o r m  of  
H i l l ' s  equa t ion  [5] with t h r e e  t e r m s :  

H e r e  

d2~i / d~ 2 -4- (0o + 201 cos 2~ + 203 cos 4~) ~1 = 0 (1.5) 

Oo = 4 (%/~o) ~ [(ka) 2 (a~ ~ + r e) A- 1/2 (c~ ~ - -  l)  h J l  

01 = ~ 4 (c% loJ) 2 kaa~~ 03 = 2 (~o s l~0) 2 (a~ ~ - -  1) h~ 2 

o~ = v ~ / a ,  v~ = B~/V~4-~,o (where p is the plasma density), 
h i = B i / B e ,  ha = B a o / B  ~ 

We note  tha t ,  in v iew of  (1.1), the v e l o c i t y  v s u n d e r  t y p i c a l  e x p e r i m e n t a l  cond i t ions  when (Ba2> << B e 
i s  c l o s e  to the v e l o c i t y  of  m a g n e t i c  sound in the p l a s m a .  

In the r e g i o n  ka  ~ ( a /b )ha ,  w h e r e  the in f luence  of- the c a s e  is  c o n s i d e r a b l e ,  the c o e f f i c i e n t s  of Eq.  
(1.5) d i f f e r  s i g n i f i c a n t l y  f r o m  the c o e f f i c i e n t s  of the a n a l o g o u s  e q u a t i o n  of  [2]. In p a r t i c u l a r ,  a2 ~ 01, so 
tha t  the t e r m  with  0 2 in  (1.5) c anno t  be  n e g l e c t e d  in  o u r  i n v e s t i g a t i o n  of  s t a b i l i t y ,  a s  was  done in [2]. 

We w r i t e  the g e n e r a l  s o l u t i o n  of  Eq.  (1.5) in the f o r m  [5] 
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where  ~1(?), q92(T) a r e  per iod ic  funct ions .  Fol lowing H i l l ' s  method 
[5], we can find the complex  c h a r a c t e r i s t i c  exponent  p f r o m  the 
equat ion 

~in~ ( ~ / ~ )  = ~ ~ i~  (~/.~ V ~ )  (1.6) 

which conta ins  the infinite d e t e r m i n a n t  A -- [Am,n] , whose  e le -  
m e n t s ,  r e c k o n e d  f r o m  the cen t e r ,  a r e  equal  to 

01~-~l (m =# n) Am, m ~ J, Am, n = 0o__4m2 

#,2 0.# 

Fig. 4 

h a = 0.5, b/a = 1.5 (Fig. 4). 

In Eq. (1.5) 0 i - 0 fo r  i > 2. The ins tabi l i ty  i n c r e m e n t  ~/ is 
ev ident ly  equal  to (0)/2) Re p. Using (1.6), i t  is not  diff icul t  to 
show that  fo r  the n-th r e s o n a n c e  zone y is d e t e r m i n e d  f r o m  the 
equat ion  

ch (2~T/o~) = (--  t) ~ (t - -  2A sin 2 r ]/'~)) (1.7) 

Solution of  Eq .  (1.7) f o r  values  of  n r ang ing  f r o m  1 to 4 
and for  va r ious  v a l u e s  of the p a r a m e t e r s  ha ,  h i, b / a  was  c a r r i e d  
out by c o m p u t e r .  ~ne rank  of  the d e t e r m i n a n t  [Am,n] was  chosen  
to be equa ! to 11, which e n s u r e d  a suf f ic ien t  deg ree  of  a c c u r a c y  
in the ca lcu la t ions .  In the plane of the v a r i a b l e s  ka,  w/co s the 
l ines  of equal  va lues  of  the d i m e n s i o n l e s s  i n c r e m e n t  ~/s = T/Ws 
w e r e  d e t e r m i n e d  fo r  each g roup  of  p a r a m e t e r s .  The v a r i a b l e s  ka,  
w/co s w e r e  va r i ed  be tween the l imi t s  0 _< (ka, w/co s) ~ 1. This 
range  is of g r e a t e s t  i n t e r e s t  f r o m  a p r a c t i c a l  point  of  view s ince ,  
in the f i r s t  p lace ,  long-wave p e r t u r b a t i o n s  have  the g r e a t e s t  in- 
s tab i l i ty  i n c r e m e n t  [2], and , in  the second  p lace ,  the f r equency  
w s under  typ ica l  eXper imenta l  condi t ions  i s  of  the o r d e r  (0.5-1) �9 
108 sec  -1, while co usua l ly  does not exceed  10 7 see  -1. 

2 .  D i s c u s s i o n  o f  t h e  R e s u l t s  

~a Resu l t s  of  the ca lcu la t ions  a r e  shown in Figs .  1 -5 .  Equal -  
~ i n c r e m e n t  l ines fo r  a h igh - f r equency  z-pinch (h i = 1) a r e  plot ted 

in F igs .  1 -4 ,  with the fol lowing p a r a m e t e r s :  h a = 0.25, b / a  = 2.5 
(Fig. 1); h a = 0.5, b / a  = 2.5 (Fig. 2); h a = 0.25, b / a  = 1.5 (Fig. 3); 

E q u a l - i n c r e m e n t  l ines  for  a s y s t e m  of the 0-pinch type (hi = 0) a r e  plot ted in 
Fig.  5, with the p a r a m e t e r s  h a = 0 . 2 5 ,  b / a  = 5. In each r e s o n a n c e  zone the l a r g e s t  of the va lues  of the 
i n c r e m e n t  ~/s indica ted  on the g raphs  a r e  c lose  to the m a x i m u m  i n c r e m e n t  in the zone in ques t ion .  Fo r  
an ac tua l  f i l amen t  having a finite length L,  the exci ta t ion  zones  spl i t  up into a s e r i e s  of ve r t i c a l  s e g m e n t s ,  
c o r r e s p o n d i n g  to d i s c r e t e  va lues  of  the d i m e n s i o n l e s s  wave number  

ka = (2ua/L) ] ( /=  0, i, 2,...) 

We shall study point out some characteristic properties of the instability under study, which are re- 
flected in Fig s. 1-5. First  of all, we note that the calculated increments Ts do not exceed the maximum 
instability increment of hhe m = 1 mode in the case I = I 0 = const (Shafranov--Kruskal mode), which is aM 
rained for ka ~ h a and in dimensionless form is equal to 7SK ~ ~/s" The conducting case has a substantial 
influence on the parametric excitation of the m = 1 mode, increasing the rigidity of the current-conducting 
filament to long-wave bends and displacements. The most important result of this effect is that in the re-  
gion ka < (a/b)ha the resonance zones are displaced toward higher frequencies, approximately proportional 
to (b/a)h a. In particular, the possibility of buildup of perturbations with k = 0 appears (displacement of the 
filament as a whole), as compared with a filament without khe case, which is neutrally stable. When the 
case is present there is also a change in the shape of the resonance zones, in which deformations in the 
form of constrictions appear. The latter effect is due to the interaction of modulation harmonics with the 
frequencies w and 2w, which, as calculations show, are equal in order of magnitude to the amplitudes 01 
and 02 in the region ka ~ (a/b)2ha. 
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The f i rs t  resonance zone represen ts  the g rea tes t  danger to the 
stabili ty of the filament. The fundamental oscil lat ion in this zone has 
the frequency w/2 (in the n-th resonance zone the oscil lation with the 
frequency nw/2 has the maximum amplitude). The limiting value 
(W/Ws)min, below which the f i rs t  zone does not descend, is given ap -  
proximately by the express ion 

o) \ ~ r ~  ha 

Thus, with a sufficiently tight case at frequencies w << Ws, the 
buildup of the most  rapidly growing oscil lat ions with the frequencies 
nw/2, that are  excited in the other zones,  have increments  that are  
considerably  smal le r .  Elevation of the resonance zones also occurs  
with an increase  in the pa rame te r  ha; however ,  in this case the r e s o -  
nance zones spread out, and the instability increments  increase .  

We also r e m a r k  that for sys tems  of the z-pinch type (h i = 1, Figs. 1-4) pa ramet r i c  excitation of os-  
cillations with a given wave number k occurs  for higher relative frequencies w/ws than for sys tems  of the 
0-pinch type (h i = 0, Fig. 5). This effect  is due to the increase  in the rigidity of the fi lament because of 
ent ra inment  of the plasma by the field B i. 

In conclusion the authors  thank M. L. Levin for helpful discussions of the work.  
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